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Abstract.  In recert work, we preserted a framework for many-to-many
matching of multi-scale feature hierarchies, in which features and their re-
lations were captured in a vertex-labeled, edge-weighted directed graph.
The algorithm wasbasedon a metric-tree represertation of labeledgraphs
and their metric embedding into normed vector spaces,using the embed-
ding algorithm of Matou sek [13]. However, the method was limited by
the fact that two graphs to be matched were typically embedded into
vector spaceswith di erent dimensionality. Before the embeddings could
be matched, a dimensionality reduction technique (PCA) was required,
which was both costly and prone to error. In this paper, we intro duce
a more e cien t embedding procedure basedon a spherical coding of di-

rected graphs. The advantage of this novel embedding technique is that

it prescribesa single vector spaceinto which both graphs are embedded.
This reducesthe problem of directed graph matching to the problem
of geometric point matching, for which e cien t many-to-many match-
ing algorithms exist, such asthe Earth Mover's Distance. We apply the
approach to the problem of multi-scale, view-based object recognition,

in which an image is decomposed into a set of blobs and ridges with

automatic scale selection.

1 Intro duction

The problem of object recognition is often formulated asthat of matching con-
gurations of image features to con gurations of model features. Such con g-
urations are often represerted as vertex-labeled graphs, whose nodes represent
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image features (or their abstractions), and whose edgesrepresent relations (or
constraints) betweenthe features. For scale-spacestructures, represerted as di-
rected graphs, relations can represent both parert/c hild relations aswell as sib-
ling relations. To match two graph represenations (hierarchical or otherwise)
meansto establish correspondencesbetweentheir nodes. To evaluate the quality
of a match, an overall distance measureis de ned, whosevalue dependson both
node and edgesimilarity.

Previous work on graph matching has typically focusedon the problem of
nding aone-to-onecorrespondencebetweenthe verticesof two graphs.However,
the assumption of one-to-one correspondenceis a very restrictive one, for it
assumesthat the primitiv e features (nodes) in the two graphs agreein their
level of abstraction. Unfortunately, there are a variety of conditions that may
lead to graphs that represen visually similar image feature con gurations yet
do not cortain a single one-to-onenode correspondence.

The limitations of the one-to-one assumption are illustrated in Figure 1,
in which an object is decomposedinto a set of ridges and blobs extracted at
appropriate scales[19]. The ridges and blobs map to nodesin a directed graph,
with parent/c hild edgesdirected from coarserscale nodesto overlapping ner
scale nodes, and sibling edgesbetween nodes that share a parent. Although
the two images clearly cortain the same object, the decompositions are not
identical. Speci cally, the ends of the ngers in the right hand have beenover-
segmeted with respect to the left hand. It is quite common that due to noise
or segmetmation errors, a single feature (node) in one graph can correspond
to a collection of broken features (nodes) in another graph. Or, due to scale
di erences, a single, coarse-grainedfeature in one graph can correspond to a
collection of ne-grained featuresin another graph. Hence,we seeknot a one-to-
one correspondencebetweenimage features (nodes), but rather a many-to-many
correspondence.

In recert work [10,7], we presenied a framework for many-to-many match-
ing of undirected graphs and directed graphs, respectively, where features and
their relations were represenied using edge-veighted graphs. The method began
with transforming a graph into a metric tree. Next, using the graph embed-
ding technique of Matousek [13], the tree was embedded into a normed vector
space.This two-step transformation allowed us to reducethe problem of many-
to-many graph matching to a much simpler problem of matching weighted distri-
butions of points in a normed vector space.To compute the distance betweentwo
weighted distributions, we used a distribution-based similarity measure,known
asthe Earth Mover's Distance under transformation.

The previous procedure su ered from a signi cant limitation. Namely, eah
graph was embeddedinto a vector spaceof arbitrary dimensions,and beforethe
embeddings could be matched, a dimensionality reduction step was required,
which was both costly and prone to error. Speci cally, we used an ine cien t
Principal Componerts Analysis (PCA)-based method to project the two distri-
butions into the samenormed space.In this paper, we present an ertirely dif-
ferent embedding method basedon a spherical coding algorithm. This e cien t
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Fig. 1. The Needfor Many-to-Many Matching. In the two images, the two objects are
similar, but the extracted features are not necessarilyone-to-one. Speci cally , the ends
of the ngers in the left hand have beenover-segmerted in the right hand.

(linear-time) method embedsmetric treesinto vector spacef prescribed dimen-
sionality, precluding the need for a dimensionality reduction step. We demon-
strate the framework on the problem of multi-scale shape matching, in which an
imageis decomposedinto a set of blobs and ridgeswith automatic scaleselection.

2 Related Work

The problem of many-to-many graph matching has been studied most often in

the context of edit-distance (see,e.g.,[14,12,15,18]). In suc a setting, one seeks
a minimal set of re-labelings, additions, deletions, merges,and splits of nodes
and edgesthat transform onegraph into another. However, the edit-distance ap-

proach hasits drawbadks: 1) it is computationally expensive (p-time algorithms

are available only for trees); 2) the method, in its current form, does not ac-
commadate edgeweights; 3) the method does not deal well with occlusion and

sceneclutter, resulting in much e ort spert in \editing out" extraneousgraph

structure; and 4) the cost of an editing operation often fails to re ect the un-

derlying visual information (for example, the visual similarity of a corntour and

its corresponding broken fragmerts should not be penalizedby the high cost of
merging the many fragmerts).

In the context of line and segmen matching, Beveridge and Riseman [3]
addressedhis problem via exhaustive local seard. Although their method found
good matchesreliably and e cien tly (dueto their choiceof the objective function
and a small neighborhood size), it is unclear how the approach canbe generalized
to other typesof feature graphs and objective functions.

In a novel generalization of Scott and Longuet-Higgins [17], Kosinov and
Caelli [11] showved how inexact graph matching could be solved using the re-
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normalization of projections of verticesinto the eigenspace®f graphs combined
with aform of relational clustering. Our framework di ers from their approac in
that: (1) it canhandle information encadedin a graph's nodes,which is desirable
in many vision applications; (2) it does not require an explicit clustering step;
(3) it provides a well-bounded, low-distortion metric represenation of graph
structure; (4) it encadesboth local and global structure, allowing it to deal with
noiseand occlusion; and 5) it can accommalate multi-scale represenations.

Low-distortion embedding techniqueshaven provento be usefulin a number
of graph algotithms, including clustering and, most recertly, on-line algorithms.
Indyk [9] provides a comprehensie survey of recert advancesand applications
of low-distortion graph embedding. Gupta [8] proposesa randomized procedure
for embedding metric trees into a vector spaceof prescribed dimensions. Our
spherical coding is a deterministic variation of this procedure.For recern results
related to the properties of low-distortion tree embedding, see[1,13].

3 Notation and De nitions

Before describing our many-to-many matching framework, somede nitions are
in order. To begin, a graph G is a pair (A;E), where A is a nite set of vertices
and E is a set of connections(edges)betweenthe vertices. An edgee = (u; V)
consistsof two verticessuch that u;v 2 A. A graph G = (A;E) is edge-weightd,
if eah edgee 2 E has a weight, W(e) 2 R. Let G = (A;E) denote an edge-
weighted graph with real edgeweights W (e), e 2 E. We will say that D is a
metric for G if, for any three verticesu;v;w 2 A, D(u;v) = D(v;u) 0, with
D(u;v) = Oif and only if u= v, and D(u;v) D(u;w) + D(w;V).

One way of de ning metric distances on a weighted graph is to use the
shortest-m@th metric (:;:) on the graph or its subgraphs,i.e., D(u;v) = (u;V),
the shortest path distance betweenu and v for all u;v 2 A. We will say that
the edgeweighted tree T = Tg(A%E9 is a tree metric for G, with respect to
distance function D, if for any pair of verticesu; v in G, the length of the unique
path betweenthem in T is equalto D(u;v).

An ultra-metric is a special type of tree metric de ned on rooted trees, where
the distanceto the root is the samefor all leavesin the tree, an approximation
that introducessmall distortion. A metric D is an ultra-metric if, for all points
X;y;z, we have D[x;y]  maxfD [x; z]; D[y; z]g: Unfortunately, an ultra-metric
doesnot satisfy all the properties of a tree metric distance. To create a general
tree metric from an ultra-metric, we needto satisfy the 4-point condition (see[4]):
D[x;y]+ D[z;w] maxiD [x; z] + D[y; w]; D[x; w] + D[y; z]g, for all x;y;z;w. A
metric that satis es the 4-point condition is called an additive metric.

A metric emlkedding is a mappingf : A! B, where A is a set of points in
the original metric space,with distance function D(:;:), B is a set of points in
the (host) d-dimensional normed spacejj:jjk, and for any pair p;q2 A we have

%D(p;Q) iif(M) f(djjk D(p:g) 1)
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Level 1

— — _ Level2

Fig. 2. Path partition of an example tree. The three level 1 paths are bold, while the
sewen level 2 paths are dashed (there are no other levels in this particular case- see
text).

for a certain parameter ¢, known asthe distortion . Intuitiv ely, such an embedding
will enableus to reduceproblemsde ned over di cult metric spaces(A; D), to
problems over easier normed spaces,(B;jj:jjk). As can be obsened from Equa-
tion 1, the distortion parameter cis a critical characteristic of embeddingf , i.e.,
the closercis to 1, the better the target set B mimics the original set A.

To capture the topological structure of atree, we usethe conceptof caterpil lar
decomposition and caterpillar dimension. We illustrate the caterpillar decompo-
sition of a rooted tree with no edgeweights in Figure 2. The three darkened
paths from the root represent three edge-disjoirt paths, called level 1 paths. If
we remove thesethree level 1 paths from the tree, we are left with the 7 dashed,
edge-disjoirt paths. These are the level 2 paths, and if removing them had left
additional connected componerts, the processwould be repeated until all the
edgesin the tree had beenremoved. The union of the paths is called the cater-
pillar decomposition, denoted by P, and the number of levelsin P is called the
caterpillar dimension, denoted by m.

The caterpillar decomposition P can be constructed using a modi ed depth-
rst seart in linear time. Given a caterpillar decomposition P of T, we will use
L to denote the number of leavesof T, and let P(v) represen the unique path
betweenthe root and a vertex v 2 A. The rst segmem of P(v) of weight |,
follows somepath P of level 1 in P, the secondsegmen of weight |, follows a
path P2 of level 2, and the last segmen of weight | follows a path P of level

decomposition sequene@ and the weight sequene of P (v), respectively.

Finally, we introduce the notion of spherial codesin our embedding pro-
cedure. A spherical code is the distribution of a nite set of n points on the
surface of a unit spheresud that the minimum distance between any pair of
points is maximized [6]. Equivalertly, one can try to minimize the radius r of
a d-dimensional spheresuch that n points can be placed on the surface, where
any two of the points are at angular distance 2 from ead other. Recall that the
angular distance betweentwo points is the acute angle subtended by them at
the origin.
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4 Metric Embedding of Graphs via Spherical Coding

4.1 Problem Form ulation

Our interest in low-distortion embedding is motivated by its ability to trans-
form the problem of many-to-many matching in nite graphsto the problem
of geometric point matching in low-dimensional vector spaces.For graphs, the
problem of low-distortion embeddingis a challengingone.Let G; = (A1;Ej; D1),
G2 = (A2;E2; Dy) denotetwo graphson vertex setsA; and A,, edgesetsk; and
E», under distance metrics D; and D, respectively (D; represens the distances
betweenall pairs of nodesin G;). Ideally, we seeka single embedding mecanism
that can map ead graph to the samevector space,in which the two embeddings
can be directly compared.

We will tackle the problem in two steps. Given a d-dimension target space
RY, we will seeklow-distortion embeddingsf; that map setsA; to setsB; under
distance function jj:jjk, i 2 f1;2g. The xed-dimension embedding is basedon
a novel spherical coding of the shortest-path metric on a tree. To apply this
embeddingto our directed acyclic graphstherefore requiresthat we map them to
treeswith low distortion. It is herethat weintroducethe conceptof relative scale
to the points, allowing us to match hierarchical graphs. Using these mappings,
the problem of many-to-many hierarchical vertex matching betweenG; and G,
is reducedto that of computing a mapping M betweensubsetsof B; and B..

It is known that a minimum-distortion embedding of a meHic tree into the
d-dimensional Euclidean spacewill have distortion of O(L o1 min(log L; d)),
where L is the number of leavesin the tree [8]. Obsere that asthe dimension
d of the target spacedecreasesthe distortion of the embedding increases.We
would therefore like to strike a good balance betweendistortion and dimension.

4.2 Construction of a Tree Metric for a Distance Function

Let G = (A;E) denote an edge-veighted graph and D denote a shortest-path
metric for G, i.e., D(u;v) = (u;v), for all u;v 2 A. The problem of approx-
imating (or tting) an n n distance matrix D by a tree metric T is known
asthe Numerical Taxonomy problem. Sincethe numerical taxonomy problem is
an open problem for general distance metrics, we must explore approximation
methods.

The numerical taxonomy problem can be approximated by cornverting the
distance matrix D to the weaker ultra-metric distance matrix. To create a gen-
eral tree metric from an ultra-metric, we needto satisfy the 4-point condition.
Obserne that a metric D is additive if and only if it is a tree metric (see[4]).
Therefore, our construction of a tree metric will consist of: 1) constructing an
ultra-metric from D, and 2) modifying the ultra-metric to satisfy the 4-point con-
dition. For details of one such approximation framework, seeAgarwala et al. [1].
The construction of a tree metric in their algorithm is achieved by transforming
the generaltree metric problem to that of ultra-metrics. Their algorithm, which
follows the two-step procedureoutlined above, generatesan approximation (tree
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Fig. 3. Metric tree represenation of the Euclidean distancesbetweennodesin a graph.
The gesture image (a) consists of 6 regions (the region represerting the entire hand is
not shown). The complete graph in (b) captures the Euclidean distances between the
certroids of the regions, while (c) is the metric tree represernation of the multi-scale
decomposition (with additional vertices).

metric T) to an optimal additive metric in time O(n?). It should be noted that
this construction does not necessarilymaintain the vertex set of G invariant.
We will have to make sure that in the embedding process(see Section 4), the
extra vertices generatedduring the metric tree construction are eliminated. An
example of constructing a metric tree from a graph is shown Figure 3.

4.3 Construction of Spherical Codes

To embed our metric treesinto Euclidean spacesof xed dimension, we intro-
ducethe conceptof spherial codes Sud codes,in turn, will allow usto directly
comparetwo enbeddings. The embedding framework is bestillustrated through
an example,in which a weighted tree is embeddedinto R?, asshawn in Figure 4.
To easevisualization, we will limit the discussionto the rst quadrant. The
weighted tree corntains 4 paths ha; b;ci, ha;d;f;hi, hd;ei, and i ; gi in its cater-
pillar decomposition. In the embedding, the root is assignedto the origin. Next,
we seeka set of 4 vectors, one for eat path in the caterpillar decomposition,
such that their inner products are minimized, i.e., their endpoints are maximally
apart. Thesevectors de ne the generaldirections in which the vertices on eah
path in the caterpillar decomposition will be embedded.

Three of the four vectors will be usedby the caterpillar paths belonging to
the subtreerooted at vertex d, and onevector will be usedby the path belonging
to the subtree rooted at vertex b. This e ectiv ely subdivides the rst quadrant
into two cones,Cy, and Cq4. The volume of theseconesis a function of the number
of caterpillar paths belongingto the subtreesrooted at b and d. The cone Cgy,
in turn, will be divided into two smaller cones,C, and C; , corresponding to the
subtreesrooted at e and f, respectively. The extreme rays of subconesCy, Ce,
and C; will correspond to the 4 directions de ning the embedding. Finally, to
complete the embedding, we translate the subconesaway from the origin along
their directional rays to positions de ned by the path lengths in the tree. For



8 M. F. Demirci et al.

Fig. 4. An edgeweighted tree and its spherical code in 2D. The Cartesian coordinates
of the vertices are: a = (0;0), b= (0;1:0), c = (0;1.5), d = (2:0;0), e = (2:5;0:87),
f = (3:5;0), g = (3:93;0:25), and h = (4:5; 0).

example,to embed point b, we will move along the extremal ray of C, and will
embed b at (0; 1:0). Similarly, the subconeCy will be translated along the other
extremal ray, embedding d at (2:0; 0).

In d-dimensional Euclidean spaceRY, computing the embeddingf : A! B
under jj:jj2 is more involved. Let L denotethe number of paths in the caterpillar
decomposition. The embedding procedure de nes L vectorsin RY that have a
large anglewith respectto ead other on the surfaceof a hypersphereSy of radius
r. Thesgvectors are chosenin sud a way that any two of their endpoints on the
surface , areat leastsphericaldistance2 from ead other. We will referto such
vectors@gs WeII-separged. Consider the se;:pf hyperplanesH; = (0;2;4;:::;2i),
andlet (i) = H;\ 4. Sinceead ofthe (i) are hypercircles,i.e., surfacesof
spheresin dimengjond 1, we canrecursively construct well-separatedvectorson
eadt hypercircle ,(i). Our construction stopswhen the spherebecomesa circle
and the surfacebecomesa point in 2 dimensions.It is known that taking r to be
O(dL**® 1), and the minimum angle betweentwo vectorsto be 2=r provides us
with L well-separatedvectors[6]. In Figure 4, we have 4 such vectors emanating
from the origin.

Now that the embedding directions have been established, we can proceed
with the embedding of the vertices. The embedding procedure starts from the
root (always embeddedat the origin) and embedsvertices following the embed-
ding of their parernts. For ead vertex in the metric tree T, we assiate with
every subtree T, a set of vectors Cy, sud that the number of vectorsin C,
equalsthe number of paths in the caterpillar decomposition of T, . Initially , the
root hasthe ertire set of L vectors. Consider a subtree rooted at vertex v, and
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vectorsinto k subsets,suc that the number of vectorsin ead subset,S,, equals
the number of leavesin T,. We then enbed the vertex v; (1 | k) at the
position f (v) + w;  x;, wherew; is the length of the edge(v;v;) and x, is some
vector in C,. We recursively repeat the sameprocessfor eat subtree rooted at
every child of v, and stop when there are no more subtreesto consider.

4.4 Encoding Directed Edges

The distance metric de ned on the graph structure is basedon the undirected
edgeweights. While the above embedding has presened the distance metric, it
has failed to presere any oriented relations, sud as the hierarchical relations
commonto scale-spacestructures. This is due to the fact that oriented relations
do not satisfy the symmetry property of a metric. We can retain this important
information in our embedding by moving it into the nodesas node attributes, a
technigue usedin the encading of directed topological structure in [20], directed
geometric structure in [19], and shape context in [2]. Encoding in a node the
attributes of the oriented edgesincident to the node requires computing distri-
butions on the attributes and assigningthem to the node. For example, a node
with a single parent at a coarserscaleand two children at a ner scalemight
encale a relative scaledistribution (histogram) as a node attribute. The result-
ing attribute provides a contextual signature for the node which will be usedby
the matcher (Section 5) to reduce matching ambiguity.

Specically, let G = (A;E) be a graph to be embedded. For every pair of
vertices, (u; v), we let R, denotethe attribute vector ass@iated with the pair.
The entries of ead such vector represett the set of oriented relations R between
u;v. Foravertexu 2 A, welet N (u) denotethe set of verticesv 2 A adjacert to
u. For a relation p 2 R, we will denote P (u; p) asthe set of valuesfor relation p
betweenu and all verticesin N (u), i.e., P(u;p) correspondsto entry p of vector
Ryv for v 2 N(u). Feature vector P, for point u is the set of all P(u; p)'s for
p 2 R. Obsene that ewvery entry P(u;p) of vector P, can be consideredas a
local distribution (histogram) of feature p in the neighborhood N (u) of u. We
adopt the method of [19], in which the distance function for two sud vectors
Py and P, is computed through a weighted combination of Hausdor distances
betweenP (u; p) and P (u% p) for all valuesof p.

5 Distribution-Based Man y-to-Man y Matc hing

By embedding vertex-labeled graphs into normed spaces,we have reduced the
problem of many-to-many matching of graphsto that of many-to-many matching
of weighted distributions of points in normed spaces.Given a pair of weighted
distributions in the same normed space,the Earth Mover's Distance (EMD)
framework [16] is then applied to nd an optimal match betweenthe distribu-
tions. The EMD approach computesthe minimum amourt of work (de ned in
terms of displacemeits of the massesassaiated with points) it takesto trans-
form onedistribution into another. The EMD approac assumeghat a distance
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measurebetweensingle features, called the ground distance, is given. The EMD
then \lifts" this distance from individual featuresto full distributions. The main
advantage of using EMD lies in the fact that it subsumesmany histogram dis-
tances and permits partial matchesin a natural way. This important property
allows the similarity measureto deal with uneven clusters and noisy datasets.
Details of the method, along with an extension, are preseried in [10].

The standard EMD formulation assumeghat the two distributions have been
aligned. However, recall that a translated and rotated versionof a graph embed-
ding will also be a graph embedding. To accommalate pairs of distributions
that are \not rigidly embedded", Cohenand Guibas [5] extended the de nition
of EMD, originally applicable to pairs of xed setsof points, to allow one of the
setsto undergoatransformation. They alsosuggestedan iterativ e procesgwhich
they call FT , short for \an optimal Flow and an optimal T ransformation”) that
achievesa local minimum of the objective function. Details on how we compute
the optimal transformation can be found in [10,7].

5.1 The Final Algorithm

Our algorithm for many-to-many matching is a combination of the previous
procedures,and is summarized as follows:

Algorithm 1 Many-to-many graph matching

1: Compute the metric tree T; corresponding to G; according to Section 4 (see [1]
for details).

2: Construct low-distortion embeddingsfi(T;) of T; into (By;jj:jj2) according to Sec-
tion 4.

3: Compute the EMD between E's by applying the FT iteration, computing the
optimal transformation T according to Section 5 (see[10] for details).

4: Interpret the resulting optimal o w betweenE's asa many-to-many vertex match-
ing betweenG;i's.

6 Experiments

As an illustration of our approac, let's rst return to the example shavn in
Figure 1, where we obsened the needfor many-to-many matching. The results
of applying our method to the thesetwo imagesis shown in Figure 5, in which
many-to-many feature corresppndenceshave beencoloredthe same.For example,
a set of blobs and ridges describinga nger in the left imageis mapped to a set
of blobs in ridges on the corresponding nger in the right image.

To provide a more comprehensie evaluation, we tested our framework on
two separateimage libraries, the Columbia University COIL-20 (20 objects, 72
views per object) and the ETH Zurich ETH-80 (8 categories,10 exemplarsper
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Fig. 5. Applying our algorithm to the imagesin Figure 1. Many-to-many feature cor-
respondenceshave been colored the same.

category, 41 views per exemplar)®. For ead view, we compute a multi-scale blob
decomposition, using the algorithm described in [19]. Next, we compute the tree
metric corresponding to the completeedge-veighted graph de ned on the regions
of the scale-spacalecomposition of the view. The edgeweights are computed as
a function of the distancesbetweenthe certroids of the regionsin the scale-space
represenation. Finally, ead tree is embeddedinto a normed spaceof prescribed
dimension. This procedureresults in two databasesof weighted point sets, eah
point set represerting an embeddedgraph.

For the COIL-20 database,we begin by removing 36 (of the 72) represen-
tativ e views of eat object (every other view), and usethese removed views as
queriesto the remaining view database (the other 36 views for ead of the 20
objects). We then compute the distance between ead \query" view and ead
of the remaining databaseviews, using our proposed matching algorithm. Ide-
ally, for any given query view i of object j, v;j , the matching algorithm should
return either vi,1; or v; 1; asthe closestview. We will classify this as a cor-
rect matching. Basedon the overall matching statistics, we obsene that in all
but 4:8% of the experimerts, the closestmatch selectedby our algorithm was a
neighboring view. Moreover, among the mismatches, the closestview belonged
to the sameobject in 81:02% of the cases.In comparisonto the many-to-many

5 Arguably, the COIL databaseis not the ideal testbed for an image represertation (in
our case,a multi-scale blob and ridge decomposition) whose goal is to describe the
coarse shape of an object. Unlik e the PCA-based image characterization for which
the COIL database was originally created, the multi-scale blob and ridge decom-
position provides invariance to translation, rotation, scale, minor part deformation
and articulation, and minor within-class shape deformation. Although a standard
database for recognition testing, the COIL database does not exercisethese invari-
ants.
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=

Fig. 6. Views of sample objects from the Columbia University Image Library (COIL-
20) and the ETH Zurich (ETH-80) Image Set.

matching algorithm basedon PCA embedding [7] for a similar setup, the new
procedure shaved an improvemert of 5.5%.

It should be pointed out that these results can be consideredworst casefor
two reasonsFirst, the original 72 viewsper object sampling resolution wastuned
for an eigenimageapproad. Given the high similarity amongneighboring views,
it could be arguedthat our matching criterion is overly harsh, and that perhaps
a measureof \viewp oint distance", i.e., \how many views away was the closest
match" would be lesssewere. In any case,we anticipate that with fewer samples
per object, neighboring viewswould be more dissimilar, and our matching results
would improve. Second,and perhapsmore importantly, many of the objects are
symmetric, and if a query neighbor hasan identical view elsewhereon the object,
that view might be chosen(with equaldistance) and scoredasan error. Many of
the objects in the databaseare rotationally symmetric, yielding identical views
from ead viewpoint.

For the ETH-80 database,we chosea subsetof 32 objects (4 from ead of
the 8 categories)with full sampling (41 views) per object. For ead object, we
removed ead of its 41 views from the database,one view at a time, and used
the removed view asa query to the remaining view database.We then computed
the distance betweenead query view and ead of the remaining databaseviews.
The criteria for correct classi cation wassimilar to the COIL-20 experiment. Our
experiments shaved that in all but 6:2% of the experimerts, the closestmatch
selectedby our algorithm was a neighboring view. Among the mismatches, the
closestview belongedto the sameobject in 77:19% of the cases,and the same
category in 96:27% of the cases.Again, these results can be consideredworst
casefor the samereasonsdiscussedabove for the COIL-20 experimert.

Both the embedding and matching procedurescan accommalate local per-
turbation, dueto noiseand occlusion, becausepath partitions provide locality. If
a portion of the graph is corrupted, the projections of unperturb ed nodeswill not
be a ected. Moreover, the matching procedureis an iterativ e processdriven by

o w optimization which, in turn, dependsonly on local features, and is thereby
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Per turba tion 5% 10% | 15% | 20%
Recognition rate [|91.07%88.13%83.68%77.72%

Table 1. Recognition rate as a function of increasing perturbation. Note that the
baseline recognition rate (with no perturbation) is 95.2%

una ected by local perturbation. To demonstrate the framework's robustness,
we performed four perturbation experiments on the COIL-20 database.The ex-
perimerts are identical to the COIL-20 experiment above, exceptthat the query
graph was perturb ed by adding/deleting 5%, 10%, 15%, and 20% of its nodes
(and their adjoining edges).The results are shavn in Table 1, and reveal that
the error rate increasesgracefully as a function of increasedperturbation.

7 Conclusions

We have presened a novel, computationally e cien t approad to many-to-many
matching of directed graphs. To match two graphs, we begin by constructing

metric tree represenations of the graphs. Next, we embed them in a geometric
spacewith low distortion using a novel encaling of the graph's vertices, called
spherical codes. Many-to-many graph matching now becomesa many-to-many

geometric point matching problem, for which the Earth Mover's Distance algo-
rithm is ideally suited. Moreover, by mapping a hode's geometric and structural

\context" in the graph to an attribute vector assignedto its corresponding point,

we can extend the technique to deal with hierarchical graphs that represen

multi-scale structure. We evaluate the technique on two major image databases,
using a multi-scale image represenation that captures coarseimage structure,

and include a set of structural perturbation experiments to shaw the algorithm's

robustnessto graph \noise".
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